The radiative transitionsB → X s γ and B → X d γ proceed via electroweak loops at leading order in the Standard Model (SM), where a top quark and a charged weak boson are exchanged. These decays are sensitive to potential contributions from heavy non-SM particles. Theoretical calculations of the inclusive branching fraction are performed for the fully inclusive rate, equivalent to a photon energy threshold of 1.6 GeV. Inclusive B decays have the advantage that the decay rate, agrees with the decay rate of the free b quark, up to small corrections due to the bound state. This makes it possible to have precise predictions. In contrast, calculations of exclusive decays suffer from large theoretical uncertainties, arising from the calculation of the B form factors.
Measuring the full rate poses a challenge for experimentalists since background at low photon energies is orders of magnitude larger than the expected signal. The high precision of theoretical predictions has motivated a number of inclusive and semi-inclusive analyses. Inclusive analyses rely solely on finding the high-energy photon of the decay, and require a lot of work on reducing the background. Semi-inclusive analyses on the other hand, try to reconstruct dozens of the possible final states, facing different challenges such as missing modes and cross-feed. The current experimental world average [1] is consistent with the most recent SM prediction of theB → X s γ branching fraction [2] † .
where the first uncertainty is statistical and the second systematic. The shape of the photon energy spectrum provides information about the Heavy Quark Expansion (HQE) parameters m b and µ 2 π [3] . These parameters are important in the determination of the magnitudes of the CKM matrix elements |V ub | and |V cb |, when combined with measurements of semileptonic B decays. Several theoretical descriptions of the spectrum are available, using different renormalization schemes such as the shape-function scheme [4] , kinetic scheme [5] and the KaganNeubert model [6] .
In this letter we present an updated measurement ofB → X s γ using the inclusive technique, which was performed on 657 × 10 6 BB pairs [7] . We use the complete Belle data set of 711 fb −1 collected at the Υ(4S) energy (on-resonance sample), corresponding to (772 ± 11) × 10 6 BB pairs. A 90 fb −1 sample to study light quark continuum background is taken at a 60 MeV lower energy (off-resonance sample). In addition to the larger sample size, this analysis uses multivariate tools to more effectively suppress continuum background, which greatly improves signal purity. We also present a novel determination of m b and µ 2 π by folding the theoretical prediction of the shape-function scheme, and performing a fit to the measured spectrum. These parameters have usually been determined from using the spectral moments of semileptonic decays.
The Belle detector is located at the KEKB storage ring [8] . It is a large-solid-angle magnetic spectrometer consisting of a sili- † Observables for the decaysB → X s γ,B → X d γ andB → X s+d γ are identified with the subscripts sγ, dγ and s + dγ, respectively. We use natural units, e.g. c = = 1.
con vertex detector (SVD), a 50-layer central drift chamber (CDC), an array of aerogel threshold Cerenkov counters (ACC), a barrel-like arrangement of time-of-flight scintillation counters (TOF), and an electromagnetic calorimeter comprised of CsI(Tl) crystals (ECL) located inside a super-conducting solenoid coil that provided a 1.5 T magnetic field. An iron flux-return located outside of the coil is instrumented to detect K 0 L mesons and to identify muons (KLM). The detector is described in detail elsewhere [9] .
In this analysis only the high energy photon from the signal decay is reconstructed, therefore we do not distinguish between thē B → X s γ andB → X d γ contributions. The X d final state is suppressed by a factor |V td /V ts | 2 with respect to X s , |V td /V ts | = 0.216 ± 0.011 [10] . TheB → X s+d γ photon spectrum is obtained after subtracting high energy background photons from continuum and BB events. Continuum background is subtracted using off-resonance data, and BB background is estimated using Monte Carlo (MC) simulation, corrected using data control samples. We generate 2.6 × 10 6B → X s γ MC events to optimize the selection criteria. This sample is composed of the resonant K * (892) meson for hadronic masses M Xs < 1.1 GeV and an inclusive part that uses the Kagan-Neubert model for M Xs ≥ 1.1 GeV. The inclusive X s particle is generated as a spin 1 sd or sū state and hadronized using JETSET [11] . The low-M Xs and high-M Xs samples are mixed with a relative ratio consistent with the current world average [1] .
Signal photon candidates are selected as connected clusters of ECL crystals with an energy in the center-of-mass frame (CM frame)
‡ of 1.4 GeV ≤ E * γ ≤ 4.0 GeV in the angular region 32.2
• ≤ θ γ ≤ 128.7
• . The signal region is defined as 1.7 GeV ≤ E * γ ≤ ‡ Quantities measured in the CM frame (the rest frame of the Υ(4S)) are starred, e.g. E * γ to distinguish them from those measured in the B meson rest frame, e.g. E B γ .
2.8 GeV and the sidebands below and above it are used to study BB and continuum background, respectively. The ratio of the energy deposited in the 3 × 3 over 5 × 5 crystals around the seed crystal is required to be larger than 90 %. Photons from π 0 (η) → γγ decays are vetoed using information from photon energy, polar angle and the reconstructed diphoton mass, as described in [12] .
To suppress background from continuum events a lepton (electron or muon) consistent with a semileptonic decay of the other B meson is reconstructed. The technique was also used to identify the flavor of the B meson in [13] . The lepton is required to have a CM momentum 1.10 GeV ≤ p * ≤ 2.25 GeV. The selection on impact parameters with respect to the interaction point along the z axis (dz) and perpendicular to it (dr) for the lepton track, are |dz| ≤ 2 cm and dr ≤ 0.5 cm. We require at least one hit in the SVD and reconstruct tracks in the polar angle regions 18
• ≤ θ e ≤ 150
• for electrons and 25
• ≤ θ µ ≤ 145
• for muons.
To further suppress continuum background we trained boosted decision trees (BDT) [14] using the following input variables: 11 modified Fox-Wolfram moments [15] constructed in 3 sets in which (1) we use all particles in the event, (2) we remove the signal photon and (3) we remove both signal photon and tag lepton; the distance between the photon to the closest extrapolated position on the ECL of a charged particle; the magnitude and direction of thrust, calculated from all charged and neutral particles in the event; the angle between the directions of the photon and tag lepton; the root mean square width of the photon cluster; the scalar sum of CM transverse momenta of all particles; the square of the missing four-momentum, calculated as the difference between the total beam energy and the momenta of all reconstructed particles. The BDT is trained using continuum andB → X s γ MC samples, and the selection criterion is chosen to maximize the expected statistical significance of the signal yield. We validate the performance of the BDT in a control sample of π 0 → γγ, which is obtained by requiring a large probability that the photon candidate originates from a π 0 decay and the difference between data and MC is interpreted as a systematic uncertainty.
After the selection we find 43 008 events in the on-resonance and 702 in the off-resonance sample. The continuum yield must be scaled by a factor 7.509 ± 0.196 to account for the difference in luminosities and e + e − →cross-sections of the on-and off-resonance samples. Continuum events are corrected to account for lower average particle energy and particle multiplicities. Continuum background composes about 12 % of the selected on-resonance events, and the purity ofB → X s+d γ events is expected to be 20 %.
The dominant BB background sources are photons from π 0 and η decays, contributing with 49 % and 8 % of the total yield respectively. These events mimic the signal topology with one high energetic photon, and one of much lower energy. The normalization of the π 0 (η) background is performed by removing the π 0 (η) → γγ veto and then combining the prompt photon with any other photon in the event. For all combinations the diphoton invariant mass (M γγ ) is calculated and a fit performed around the π 0 and η masses to estimate their yields in data and MC. The fit is performed in 11 meson momentum bins in the range 1.4 to 2.6 GeV and the ratio of data to MC yields is used as a correction factor.
Photons from beam background make up roughly 2 % of the total final sample. This contribution is determined from data using a sample of randomly triggered events overlaid with the MC. We assign a 20 % uncertainty on its normalization. Clusters from neutral hadrons, particularly anti-neutrons or K 0 L , in the calorimeter could be misidentified as a photon cluster. This contribution is smaller than 0.5 %. We correct the normalization of this component since hadronic cluster shapes are not properly simulated in GEANT3 [16] .
While it is not possible to isolate a pure sample of neutrons, we estimate this component using anti-protons in Λ → p − π + decays. We found that the selection efficiency on the cluster shape criterion for anti-protons is underestimated by 50 %. We scale the hadronic cluster contributions by a factor of 2 and assign a 50 % uncertainty to account for any discrepancies between anti-proton and antineutron cluster shapes. Clusters from electrons without an associated track contribute less than 1 % to the overall background, and we assign a 20 % uncertainty on their yield.
The remaining 6 % of the BB background consists of photons from several sources: decays of ω and η mesons, bremsstrahlung and others. None of the single contributions is significantly large, making it difficult to correct them individually. We scale this component to match data in the region 1.40 ≤ E * γ ≤ 1.55 GeV with a factor of 1.30 ± 0.15, where the uncertainty is statistical.
After subtracting all background contributions we find 8275 ± 268 (stat) ± 488 (syst) events in the region 1.8 ≤ E * γ ≤ 2.8 GeV. The background-subtracted spectrum is shown in Fig. 1 , and is systematically limited in the low energy region where BB background dominates.
Using the measured spectrum, we determine the HQE parameters m b and µ 2 π using the shape-function scheme. The theoretical calculation is carried out in the B rest frame, whereas the reported spectrum is measured in the CM frame. The calculation assumes that any resonant structure is sufficiently broadened by the experimental resolution, and the spectrum can be fully described inclusively. This is reasonable as the calorimeter resolution and Doppler broadening would together make it impossible to resolve any resonant structure. We use MC simulation to include these effects in the theoretical expectation. After this we apply selection efficiency effects, and the theoretical and measured spectra are compared. We perform a chi-squared fit in which m b and µ We also report the inclusiveB → X s+d γ branching fraction for various energy thresholds.
Here N E B γ ≥E is the integral of the spectrum for a given threshold, ε eff is the selection efficiency, N BB is the total number of BB pairs and ε rec is the efficiency for a signal photon to be reconstructed in the calorimeter. The factor α E B γ ≥E transforms the measurement at a given threshold energy from the CM frame to the B meson rest frame. Both the selection efficiency and α E B γ ≥E are model dependent. To calculate them, we fit our spectrum using the Kagan-Neubert, kinetic and shape-function models, determine then the quantities, and take the average among them for the central value. The model uncertainty is assigned as the largest deviation between the average and the best fit values ±1σ. The average selection efficiency is ε eff = 2.45 % at the 1.8 GeV threshold, the efficiency ε rec takes a value of 0.712. To obtain theB → X s γ branching fraction we divide theB → X s+d γ result by a factor of 1 + |V td /V ts | 2 . The underlying assumption is that inclusive shape for both final states is identical, which is reasonable given that both are two-body decays, and the detector and Doppler effect would effectively broaden the contributions from resonances in the decay.
The results for the inclusiveB → X s+d γ andB → X s γ branching fractions for energy thresholds between 1.7 to 2.0 GeV are summarized in Table I and the corresponding correlations in Table II . The largest systematic uncertainty arises from the corrections and uncertainties associated with the subtraction of the BB background, which is 5.2 % at the 1.8 GeV threshold. Additional uncertainties arise from the continuum background subtraction, 1.3 %, the number of BB pairs, 1.4 %, and the BDT selection, 1.4 %. This last systematic uncertainty accounts for possible BDT mis-modeling in the BB MC and is studied in a π 0 control sample.
In order to measure the partial branching fractions and the moments of the spectrum, we must correct it according to the selection efficiency in each E * γ bin, unfold the resolution and migration effects caused by the finite energy resolution of the ECL and correct for the reconstruction efficiency ε rec . The bin-by-bin selection efficiency is summarized in Fig. 2 . The unfolding procedure is based on the Singular Value Decomposition algorithm [17] . The covariance matrix has large correlations and systematic uncertainties at low photon energy. This causes the default algorithm to systematically underestimate the uncertainties after unfolding and regularization. The problem was caused by the rescaling of equations performed in the algorithm [18] , we remove it by skipping the step of equation 34 of [17] . The systematic uncertainty related to the unfolding procedure is determined using an ensemble of spectra from the three available models, it is much smaller than statistical uncertainties and uncertainties from BB background suppression, ranging from 3.5 % for the 1.8 ≤ E B γ ≤ 1.9 GeV bin, to ∼ 0.1 % above 2.2 GeV. We only report unfolded spectra in the CM frame, as unfolding to the B rest frame introduces high model dependence, the transformation of quantities calculated in the B rest frame into the CM frame is simple from the theory side and has been discussed in [6] . Finally, we also report the first and second spectral moments, which correspond to the average energy of the spectrum and the variance and contain information about the HQE parameters. They are obtained for different energy thresholds. The partial branching fractions are summarized in Table III and  the spectral moments in Table IV. Using our ensemble of theoretical descriptions of the spectrum, we determine an ex- × 10 −4 , which is in agreement with the SM prediction, as well as previous experimental measurements. The extrapolation factors used by HFAG are determined from fits toB → X s γ and B → X c ν moments [19] . Similarly to our determination, the factors are obtained averaging the values from the three theoretical models we have also uses, the factor for the 1.8 GeV threshold is perfectly compatible to our determination. We use the extrapolated inclusive branching fraction B E B γ >1.6 sγ to find a lower bound on the mass of a charged Higgs boson in the framework of the type-II Two-Higgs-DoubleModel (2HDM-II). Using the procedure described in [20] , we exclude M H ± smaller than 580 GeV with a 95 % confidence level.
Threshold Mean (GeV) Variance×10 2 (GeV 2 ) 1.8 GeV 2.320 ± 0.034 ± 0.105 ± 0.003 4.258 ± 1.123 ± 3.451 ± 0.108 1.9 GeV 2.338 ± 0.022 ± 0.041 ± 0.003 3.563 ± 0.533 ± 1.047 ± 0.065 2.0 GeV 2.360 ± 0.015 ± 0.017 ± 0.003 2.869 ± 0.292 ± 0.282 ± 0.047 TABLE IV. Mean and variance of theB → X s+d γ spectrum in the CM frame. The uncertainties are statistical, systematic and from model dependence.
